Abstract: A new development of time-optimal control in bilinear systems is introduced here and applied to a boost converter. By an analytic approach, time-optimal control system for output regulation is employed in bilinear systems and an optimal switching surface is obtained. Transient response of the time-optimal system is described to eliminate any output disturbances in minimum time. Some experimental and numerical results are illustrated that the time interval for output regulation and transient performances of a boost converter using the proposed technique in comparison with other classical method such as sliding mode control are effectively improved.
Introduction
A class of optimisation problems is minimisation of the transition time of the system variables from any initial states to a target set. This optimal technique is called minimum time-optimal control system and Pontryagen's minimum principle has been applied to introduce an open-loop control of the system. Also, constraints on the input control of the system follow the bang-bang property [1] . In this approach, the input control could be recognised by identification of initial and final conditions.
A closed-loop time-optimal system with bang-bang property could be applied to design optimal controller by optimal switching surface in a linear time-invariant system [1] . The time-optimal controller is a closed-loop system independent of any input or output disturbances. However, this design method is restricted to linear time-invariant systems. In this case, the optimal switching surface could be obtained from trajectories of the system by analytic method [2] . In second-order systems with underdamped response mode, the time-optimal system could not be simply achieved by eliminating time variable in trajectories of the system. Therefore, the closed-loop time-optimal controller is obtained by approximation or numerical methods. In this case, the switching curve is a set of dissimilar ellipsoid functions which depend on system parameters. In the systems with no damping events, these ellipsoid functions change to fixed radial circle curves [3] . Also, structure of a bilinear system with two system matrices is described by the product of state and control variables. However, obtaining the switching optimal curve based on the linear system is not an efficient approach.
Different methods were introduced to control power switching dc-dc converters [4] [5] [6] [7] . Popular classical controllers used in these converters are the traditional pulse-width modulation (PWM) current controller as well as voltage controllers. These controllers are designed by averaging of state-variables based on small-signal methods and their dynamic performances in large-signal disturbances are weak. Owing to non-linear nature of these converters, non-linear control methods are proposed to improve stabilities and robustness properties of these systems [6] .
In [8] , a geometrical curved control surface was derived to recover buck and boost converters by bang-bang property of a time-optimal controller. However, this method is valid only for linear time-invariant system and could be applied for ideal buck converter [2] . Indeed, the boost converter is a bilinear system in which the linear time-invariant system could not be used. Some researchers work on the sliding mode control (SMC) technique, which is one of non-linear modern control methods. The SMC could be applied for variable structure systems, including power switching dc-dc converters [7] [8] [9] . As a simple application, great dynamic performance and system stability are imposed by this non-linear control technique. However, steady-state regulation error and complicated design are inhered to employ sliding mode controller in a switching dc-dc converter [10] .
Also, boost converters which are operated in the continuous conduction mode, have the right-half-zero in their transfer function for the duty-cycle to output-voltage [10] . Thus, the control of these non-minimum phase systems have some constraints. For voltage control mode, this property causes complex design and low dynamic response when crossover frequency from resonant frequency should be recognised [4] . Moreover, a current mode control is a closed-loop system with fast transient response. However, it is not able to keep the system stability in large-signal disturbances. To overcome this problem in the sliding mode regime, some different methods have been introduced [11] . In recent decades, many efforts have been made to overcome the SMC weak points. For instance, the fixed-frequency PWM methods based on voltage or current controller, adaptive sliding mode controller and double integral sliding surface are suggested for practical implementation in power converters [11] [12] [13] [14] [15] . It could be concluded that the system stability for steady-state operation is targeted in most of these methods. However, some literatures have been given different non-linear switching surfaces to improve the system transient performances in sliding mode controllers [2, 16] . Despite better transient characteristics, the transient response does not exhibit the suitable performance for large-signal disturbances.
In this paper, the theory of Pontryagen's minimum principle for bilinear systems is developed and time-optimal control law is extracted by analytic technique. Using this approach, a switching surface could be obtained for minimising output regulation time of a boost converter with any output disturbances. Numerical and experimental results demonstrate that transient performances of the time-optimal multi-quadrant boost converter could be effectively improved in comparison with other classical methods such as the SMC system.
Time-optimal control for bilinear systems
In this section, a switching curved control surface is introduced for time-optimal control in bilinear systems. This control system is a kind of effective non-linear control methods. Results of this control system are applied to a boost switching converter to obtain large-signal stability and robustness towards load variations. This control could track a switching surface curve based on measurement of instantaneous state variables. An optimal switching curved is achieved by the trajectory of the system which transfers state variables of the system to equilibrium point in minimum time. To design the time-optimal system, a class of bilinear dynamical system is given aṡ
where x(t), u(t) and v(t) are the vectors of state, input control and uncontrolled input of the system, respectively. Also, A, B 1 , and B 2 are the constant system matrices with appropriate dimensions. Initial conditions and equilibrium points of system at t f are assumed as
Moreover, input control constraints are given by
in which u N and u P are the upper and lower limits of the input control. A switching curved control surface (s sm (x)) can be used to generate the control law as
In classical SMC system, a switching surface (s sm (x)) is defined as a linear combination of state variables as [9] 
where β is a sliding coefficient vector of the system and the superscript T means transpose of a matrix or vector. Reachability and sliding conditions are two necessary conditions which must be satisfied for implementation of SMC in arbitrary systems. Also, an optimal switching curve can be determined to minimise a suitable performance indexed. Minimum time-optimal control is a class of optimisation problems which minimises the transition time from any initial value to the target set. Time-optimal control for linear time-invariant systems with constrained input control is followed by the bang-bang property, and the Pontryagen's minimum principle is applied to obtain the optimal control law [1] . In this section, the theory of Pontryagen's minimum principle for bilinear systems is developed and time-optimal control law is extracted. Generally, the cost functional for time-optimal control in system (1) with boundary conditions (2) is defined as
The Hamiltonian's function of system (1) for time-optimal control system can be written as
where λ(t) is the costate vector. Optimality conditions by applying Pontryagen's minimum principle and minimisation of the Hamiltonian (7) subject to constrained input control (3) can be obtained aṡ
and
The boundary condition for free terminal time and fixed end-point is given by
On the other hand, full differential of Hamiltonian can be expressed as 8) and (11) we have
By integrating (12) from t to t f , by combining the result with (10), we can write
As mentioned before, minimum time-optimal control system with input control constraints follows the bang-bang property.
Since the input control of the system is constant except at the switching time, the right-hand side of (13) is zero (∂u/∂t = 0) expect at the switching time. Thus, (13) can be expressed as
where t − s and t + s are left and right limits of t s . Attention to (9), the sign of ∂H/∂u is changed at the switching time (t = t s ), thus the value of ∂H/∂u at this time is zero. So, (14) is written by
3 Trajectory of boost converters Fig. 1 shows the scheme of a boost converter with a sliding mode controller. R 1 , R 2 and R L are inductor, capacitor and load resistance, respectively. Also, situations of switches are presented by u(t) therefore, for zero value of input control, the T 1 and T 2 are open and closed, respectively. In Fig. 1 , T 1 and T 2 are two main switches which are connected with two anti-parallel diodes. State variables of the system are chosen as
where i L (t) and v o (t) are the inductor current, capacitor voltage and E is a constant uncontrolled input voltage. Also, C and L are output capacitor and inductor of the converter, receptively. The normalisation of the state-space model of the boost converter ( Fig. 1) can be expressed aṡ
Also, t = t/ LC √ is normalised time and Q = R L C/L √ is quality factor of the boost converter which is generally chosen greater than 0.5. Comparing (1) and (18), the normalisation of the state-space matrices of the system can be obtained as 
In a boost converter, the reference value of the capacitor voltage is chosen as an arbitrary value greater than one (v ref > 1 pu), however, the reference value of the inductor current, which is dependent on the input voltage, is obtained from (20). The system trajectories can be obtained by applying transition matrix of the system on two input control values 0 and 1. Using (1), the transition matrix of the system for u(t) = 0 and u(t) = 1 which are denoted by Φ 0 (t) and Φ 1 (t) can be obtained by
For Q > 0.5, the system response consists damped sinusoidal signals for state variables. Substituting (19) into (21), the transition matrix of the system can be obtained as
where ω d and φ m are frequency of oscillation and angular phase shifting which can be found by
Thus, using (1) and (21), the state variables of the system can be expressed as
where x(t 1 ) is the value of the state variable at t 1 . Using (22), we can determine the state variables of system which reach to x(t s ) in t s − t time. By substituting (22) into (24), the state variables for u(t) = 0 can be expressed as (see (25)) where x 1 (t 1 ) and x 2 (t 1 ) are state variables of the system at t 1 and t ' = t − t 1 . Similarly, state variables of the system for u(t) = 1 is
In (25) and (26), we can obtain the trajectory of the system which reaches to x(t 1 ) from x(t) in t without any input control switching. For u(t) = 1, a trajectory of the system without control switching can be found by eliminating t in (26). Thus, we can write
However, the system trajectory (s 2 (x 1 , x 2 )) from (25) which reaches to desired points without any switching (with u(t) = 0) is extremely complicated; thus, we should determine it by numerical method. Fig. 2 shows a part of two trajectories (s 1 (x 1 , x 2 ) and s 2 (x 1 , x 2 )) with no control switching and Q = 1 pu. In this figure, final values of state variables for two trajectories are given x 1 (t s ) = 2 pu and x 2 (t s ) = 4 pu. In the next section, we show that these paths are switching cure for time-optimal control of boost converters.
Time-optimal control of boost converters
The input control of a boost dc/dc converter (u(t)) which is shown in Fig. 1 , is a bang-bang signal (0 or 1). Therefore, the output voltage can be regulated by time-optimal controller if the converter switches control at a proper time.
The boost converter are controlled by input switching control (v(t)) to transfer the state variables of the system from (x 1 (t) and x 2 (t)) to the desired values x 1 (t f ) and x 2 (t f ). The optimal switching time can be determined by substituting (19) into Hamiltonian's function in (7) . So, we can write (see (28)) λ 1 (t) and λ 2 (t) are co-state variables which can be obtained by using (8) and (28) aṡ
Attention to (9) and (28), the time-optimal control can be obtained as
This relation shows that obtaining the state and co-state variables is essential to determine the optimal control of the Fig. 2 Time-optimal switching surface and some typical trajectories for a boost converter with Q = 1 pu converter. On the other hand, simultaneous dynamical systems (18), (29) and (30) are non-linear dynamical systems with two boundary value conditions. Thus, there are not analytical solutions for state and co-state variables. However, time-optimal control can be realised by the bang-bang property with switching surface. The input control in a boost converter with bang-bang property takes a sequence of 1 and 0 so that the switching surface determines the crossover time of the input control. Thus, time-optimal control system in (30) can be determined solving (29) for the costate variables for two cases u(t) = 0 and u(t) = 1. For this purpose, similar to (21), the transition matrix of the co-state vector for two cases denoted by Ψ 0 (t) and Ψ 1 (t) can be obtained by
Comparing (21) and (31), the relation between transition matrixes of state and costate vectors is expressed as
Using (22), (29) and (32), the costate variables of the system with u(t) = 0 are obtained as
where λ 1 (t 1 ) and λ 2 (t 1 ) are values of costate variables at t = t 1 . Similarly, for u(t) = 1, we have
To find the optimal switching time, we first determine the sign of (λ 1 (t)x 2 (t) − λ 2 (t)x 1 (t)) in (30). For this purpose, the state variables of the system that reach the desired point x 1 (t f ) = x 1f and x 2 (t f ) = x 2f without any switching are determined. In this case, the input control is assumed either as u(t) = 0 or u(t) = 1 on 0 < t < t f . For u(t) = 0, using (25) and (33), the state and costate variables of the system which reach the desired point can be determined. Similarly, we can obtain the system variables for u(t) = 1 using (26) and (34). These trajectories are parts of optimal switching curve for a time-optimal control system where input control of the closed-loop system has the bang-bang property. With no switching control, the input control are assumed as either u(t) = 0 or u(t) = 1 on 0 < t < t f , and for one switching control, the input control can be given two possible states u(t) = {0, 1} or u(t) = {1, 0} on the time interval 0 < t < t f . For the first case, we have
where t s is the crossover time of the input control. Also, the uncontrolled input voltage is given as a constant (v(t) = 1 pu) on t ∈ [0, t f ]. Moreover, using (15) and (16), the value of the Hamiltonian's function during transient interval and its derivative with respect to u(t) at t = t s are zero. These properties provide necessary boundary conditions to obtain the initial value for costate variables and verify the optimal trajectories in Fig. 2 . The typical system trajectories which starts from initial values and after a finite time interval hit to optimal switching surface and then reaches final value are shown in Fig. 2 .
Implementing time-optimal controller for a boost converter
In the following, the time-optimal controller for a multi-quadrant boost converter is implemented and results are verified by Pontryagen's minimum principle which is expressed in Section 2. Also the analytic method is used to evaluate the validity of optimised results. The schematic diagram of a boost converter for classical SMC and time-optimal system is shown in Fig. 1 . The specification of the converter is given in Table 1 . Two cases for load resistance (R L ), which is connected to the output of the converter, are suggested. In the first case, the load resistance is increased from R L = 9 Ω to R L = 11 Ω. Thus, attention to (27), the time-optimal switching surface can be obtained as
To verify this optimal switching surface, the results are reviewed with optimal conditions (9), (15) and (16) . Some fixed per unit values of the system corresponding to Table 1 (R L = 9 Ω), (18) and (19) are
Decreasing load
In this case, the output load decreases with a step function, then the output energy and inductor average current are decreased. For regulating the converter output voltage, two main switches T 1 and T 2 have to be open and closed, respectively. Thus, the storage energy in the inductor, which was delivered to the output capacitor, should be www.ietdl.org decreased. At the most suitable moment, T 1 and T 2 are crossover, so the inductor current and capacitor voltage tend to desired values at t = t f . The transient response of the current and voltage in the system are different performances for time-optimal or SMC methods. Fig. 3a shows the optimal responses for the inductor current, output voltage and costate variables of the boost converter in per unit when the load resistance changes from 9 to 11 Ω. This regulation control can be divided into two subintervals. In the first subinterval, T 1 is off, thus the output current is decreased. At the optimal switching time (t s ), T 1 changes to on mode and the inductor current and capacitor voltage reach to the final values, simultaneously. In this case, the switching time and minimum time for regulation are t s = 0.69 pu and t f = 1.19 pu, respectively. For verifying these results, we can apply converter parameters to optimal rule in Section 4. For this purpose and 0 < t < 0.69 pu, using converter parameters in (37), the inductor current and capacitor voltage in (25) with t 1 = 0 can be obtained as
+2.36 cos (0.97t − 0.24) − 2 sin (0.97t)
For t > 0.69 pu, we can obtain the values of state variables at t = t 1 = 0.69 pu from (38) and substituting the results into (26) for x 1 (t 1 ) and x 2 (t 1 ), we have
For verifying the time-optimal control, the costate variables (λ 1 (t) and λ 2 (t)) should be determined for necessary conditions of Pontryagen's minimum principle. Therefore, using (37) and (33) with t 1 = 0, the costate variables for 0 < t < 0.69 pu can be expressed as
where λ 10 and λ 20 are the initial values of costate variables (λ 10 = λ 1 (0), λ 20 = λ 2 (0)). The costate variables at t = t 1 = 0.69 pu can be calculated by using (40) and substituting results into (34) for (λ 1 (t 1 ) and λ 2 (t 1 )), we have Also, using (7) and (19), the Hamiltonian's function of the time-optimal control can be written as (see (42)) Accordingly, the optimal control in (28) and (9) can be expressed as 
Finally, by solving these linear equations, λ 10 and λ 20 are obtained 1.48 and 0.34, respectively. Fig. 3a shows the trace of the state and costate variables in (38) to (41). Also, the Hamiltonian's function and the algebraic statement change and the optimal switching time could be found for Pontryagen's necessary condition in (42) and (43), which are shown in Fig. 3b . As they show, the Hamiltonian's function is equal to zero for every time and the time of algebraic statement changes for voltage control is absolutely the same as the switching time of t s = 0.69.
Increasing load
In the second case, we assume that the output load is increased from R L = 15 Ω to R L = 11 Ω. In this situation, in 
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order to supply the necessary extra output current to the load, T 1 and T 2 in Fig. 1 
The per unit state variables for rejection of the output current disturbance in minimum time are shown in Fig. 4a . The switching time is t s = 0.87 pu and minimum time disturbance rejection is t f = 1.4 pu. Pontryagen's minimum principle is investigated for the evaluation of optimal switching performance. For this purpose, the costate variables in (34) with t = 0 can be expressed as
For t > 0.87 pu, we can obtain the values of costate variables at t = t 1 = 0.87 pu from (47) and by substituting results into (33) for (λ 1 (t 1 ) and λ 2 (t 1 )), we have By solving these equations, λ 10 and λ 20 are obtained as −1.58 and − 0.6, respectively. Fig. 4a shows the state and costate variables in (45) to (48) for initial values x 1 (0) = 1.42 and x 2 (0) = 2. Similar to the previous case, the algebraic variation of Hamiltonian's function and input control are shown in Fig. 4b . According to this case, for minimum time control, the Hamiltonian's function is equal to zero. Optimal input control is the same as the algebraic sign function. These results prepared the necessary condition for Pontryagen's minimum principle.
Numerical and experimental results
In this section, we implement the closed-loop time-optimal and SMC controllers in a multi-quadrant boost converter and compare their dynamic performances by experimental and simulation results. The switching surface for classical SMC is given as
where β 1 = 0 and β 2 = 1 are two fixed control values for a linear switching curve in SMC method. The optimal switching curve can be implemented by piecewise linear [2, 3] and raster [8] switching surfaces. Fig. 5 shows time-optimal switching surface based on the deviation values. The piecewise linear switching curve can be realised by an Op-Amp circuit where the scheme and input-output characteristic of test circuit is shown in Fig. 6 . This controller is used to obtain experimental results of the boost converter.
By implementing the piecewise linear controller, the experimental results of the system for increasing the load resistance with time-optimal switching control and SMC are illustrated in Fig. 7a and b, respectively. In these figures, the output voltage (v o (t)), switching control (u(t)) and inductor current (i L (t)) are illustrated by CH1, CH2 and CH3, respectively. A small vector in the y-axis presents the zero levels of these signals. These results show that the time-optimal control can simultaneously regulate the output voltage and inductor current on 80 μs; however, the regulating time in SMC is about 160 μs.
Moreover, Figs. 8 and 9 show the simulation results of state variables, input control and system trajectory of time-optimal and classical SMC systems. For classical SMC control, the converter switching is based on sign function of inductor current. In this control, when inductor current reaches the reference value, the switching control transfers the state variables to the target point, which are shown in Figs. 8 and 9. However, in time-optimal control system, the system variables simultaneously reach the final values (Fig. 8b) . Fig. 10 illustrates the effect of the input voltage increasing from 1 to 1.1 pu at t = 0.5 pu on the output voltage variation in a boost converter with Q = 1.506 pu. In this case, the reference value of the inductor current (x 1 (t f )) can be adjusted by the input voltage with a feed forward method. The reference voltage (x 2 (t f ) = 2 pu) does not depend on the input voltage but the reference current of the inductor has to decrease from 2.656 to 2.415 pu. This result shows that the time-optimal control system can perfectly regulate the (Fig. 8 ).
Conclusion
The Pontryagen's minimum principle for non-linear time-varying systems was developed and extracted the time-optimal control law in a bilinear system. Also, the design of time-optimal sliding mode for boost converters was presented. Multi-quadrant boost converters were implemented to verify the validity of design procedures. For validating the proposed method, some experimental and numerical results were presented. These results show that by substituting time-optimal switching surface instead of classical one, the output voltage could be regulated in 50% transient time in SMC system.
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